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Abstract: We derive the off-shell nilpotent Becchi-Rouet-Stora-Tyutin (BRST) and anti-
BRST symmetry transformations for all the fields of a free Abelian 2-form gauge theory
by exploiting the geometrical superfield approach to BRST formalism. The above four (3
+ 1)-dimensional (4D) theory is considered on a (4, 2)-dimensional supermanifold param-
eterized by the four even spacetime variables xµ (with µ = 0, 1, 2, 3) and a pair of odd
Grassmannian variables θ and θ¯ (with θ2 = θ¯2 = 0, θθ¯ + θ¯θ = 0). The horizontality condi-
tion, owing its origin to the super exterior derivative on the above supermanifold, plays a
key role in the above derivation. Geometrical interpretations for the above off-shell nilpo-
tent and anticommuting (anti-)BRST symmetry transformations (and their corresponding
generators) are provided in the framework of the superfield approach to BRST formalism.
The on-shell nilpotent versions of the above (anti-)BRST symmetry transformations are
also derived by invoking the (anti-)chiral superfields. Some novel features associated with
the Abelian 2-form gauge theory are pointed out vis-a`-vis the (non-)Abelian 1-form gauge
theory when both these theories are discussed in the framework of the superfield formalism.
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1 Introduction
One of the most elegant, attractive and intuitive theoretical approaches to provide a kind
of “physical” understanding of the mathematical properties associated with the nilpo-
tent (anti-)BRST symmetries and corresponding generators (i.e. conserved and nilpotent
charges) is the geometrical superfield approach to BRST formalism (see, e.g., [1-8]). In
particular, the superfield approach proposed in [3,4] is such that the geometrical origin and
interpretation for (i) the nilpotent (s2(a)b = 0) (anti-)BRST symmetry transformations
∗
s(a)b (and their corresponding nilpotent (Q
2
(a)b = 0) and conserved charges Q(a)b), (ii) the
nilpotency property (s2(a)b = 0, Q
2
(a)b = 0) itself, and (iii) the anticommutativity property
(sbsab + sabsb = 0, QbQab + QabQb = 0), etc., becomes very transparent. The above geo-
metrical superfield approach has been successfully exploited in the context of the 1-form
(A(1) = dxµAµ) (non-)Abelian gauge theories where the (anti-)BRST symmetry transfor-
mations for the gauge and (anti-)ghost fields of a gauge theory (without interaction with
matter fields) have been derived and their geometrical interpretations have been provided.
The key role in the above superfield approach to BRST formalism [1-8] is played by
the so-called horizontality condition where the super curvature 2-form (i.e. F˜ (2) = d˜A˜(1) +
gA˜(1) ∧ A˜(1)) is equated to the ordinary curvature 2-form (i.e. F (2) = dA(1) + gA(1) ∧ A(1))
where d˜ = dxµ∂µ+dθ∂θ+dθ¯∂θ¯ (with d˜
2 = 0) is the super exterior derivative and A˜(1) is the
super 1-form connection defined on the (4, 2)-dimensional supermanifold parametrized by
the four spacetime variables xµ (with µ = 0, 1, 2, 3) and a pair of Grassmannian variables
θ and θ¯ (with θ2 = θ¯2 = 0, θθ¯ + θ¯θ = 0). On the ordinary four (3 + 1)-dimensional
(4D) spacetime manifold (parametrized by the ordinary spacetime variable xµ alone), the
ordinary exterior derivative d = dxµ∂µ (with d
2 = 0) and the 1-form connection A(1)
(corresponding to the 4D ordinary (non-)Abelian gauge theory) are defined. In the above,
g is the coupling constant whose limiting case (i.e. g → 0), in the above argument, provides
the horizontality condition for the 4D Abelian gauge theory. The above condition has been
referred to as the soul-flatness condition in [13] which amounts to setting equal to zero all
the Grassmannian components of the (anti)symmetric curvature tensor that constitutes the
super 2-form F˜ (2). The celebrated horizontality condition leads to the derivation of (and
geometrical interpretation for) the (anti-)BRST symmetry transformations for the gauge
and (anti-)ghost fields of a given 4D (non-)Abelian 1-form gauge theory.
Recently, in a set of papers [14-24], the above superfield approaches [1-8] have been
consistently extended so as to derive the nilpotent (anti-)BRST symmetry transformations
for the matter fields together with such nilpotent symmetry transformations for the gauge
and (anti-)ghost fields that are derived due to the application of the horizontality condition
alone. We have christened the extended version [14-24] of the above superfield approaches
∗We follow here the notations used in [9-12] where the full (anti-)BRST symmetry transformations
δ(A)B are taken to be the product of an anticommuting spacetime independent parameter η and the
transformations s(a)b (i.e. δ(A)B = ηs(a)b) where nilpotency property is carried by s(a)b (i.e. s
2
(a)b = 0) and
η (anti)commutes with all the (fermionic)bosonic fields of a given 4D (non-)Abelian gauge theory.
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[1-8] as the augmented superfield approach to BRST formalism. In the latter approach,
in addition to the horizontality condition (that is applied on the gauge superfield), a few
restrictions have been imposed on the matter (as well as gauge) superfields of the super
gauge theory which constitute the conserved currents (and/or some other conserved quanti-
ties) on the appropriately chosen supermanifold. In our very recent works [21-24], we have
been able to generalize the horizontality condition itself where a single restriction, on the
superfields of the suitably chosen supermanifold, produces all the nilpotent (anti-)BRST
symmetry transformations for all the fields of a given interacting 1-form (non-)Abelian
gauge theory without spoiling the cute geometrical interpretations that emerge from the
application of the horizontality condition alone.
It would be very nice endeavour to study the impact of the geometrical superfield ap-
proach [3,4,14-24] in the context of the 2-form (and/or higher spin) (non-)Abelian gauge
theories that have become very popular as well as pertinent in the realm of modern de-
velopments in (super)string, related extended objects and supergravity theories (see, e.g.
[25-27] for the details). The latter set of theories are supposed to be the frontier areas of
research in theoretical high energy physics. As a first modest step in that direction, in our
present paper, we attempt to apply the geometrical superfield approach to BRST formalism
in the case of the 4D free Abelian 2-form gauge theory and derive the off-shell as well as
on-shell nilpotent (anti-)BRST symmetry transformations for all the fields of the theory
and provide their geometrical interpretation in the language of the translational generators
along the Grassmannian directions of the appropriately chosen supermanifolds. There ap-
pear some novel features in the realm of the application of the above approach to Abelian
2-form gauge theories which do not crop up in the application of the very same approach
to 1-form (non-)Abelian gauge theories. We pin-point these aspects in our present paper in
sections 3, 4 and 5 (cf. comments after (3.14), (4.14) and discussions in section 5 below).
The 4D free Abelian 2-form gauge theory, with its antisymmetric (i.e. Bµν = −Bνµ)
gauge potential Bµν , is interesting in its own right as it provides a dual description of
the massless scalar fields [28-30]; appears in the supergravity multiplets [27] and excited
states of the quantized (super)string theory [25,26]; plays a crucial role in the presence
of the noncommutative structure in string theory [31]; provides mass to the 4D Abelian
1-form (A(1) = dxµAµ) gauge field Aµ through a topological coupling (i.e. the celebrated
B∧F term) where the U(1) gauge invariance and mass co-exist together without taking any
recourse to the presence of the Higgs fields, etc. Besides the above relevance, the 2-form
gauge potential also appears, in its various guises, in the context of cosmic string theory,
vortices in an incompressible and irrotational fluid, quantum chromodynamics and “hairs”
on the black holes. Furthermore, in our earlier works [32-34], we have been able to show
that the 4D Abelian 2-form gauge theory provides (i) an interesting field theoretical model
for the Hodge theory [32,33] (because all the de Rham cohomological operators find their
analogue in the language of the conserved charges), and (ii) a gauge field theoretic model
for the quasi-topological field theory [34]. Thus, it is important to know about this gauge
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potential and the corresponding gauge theory from various points of view.
The purpose of the present paper is to study the geometrical structure behind the nilpo-
tent (anti-)BRST symmetry transformations (and their corresponding generators) that are
associated with the 4D free Abelian 2-form gauge theory in the framework of the superfield
approach to BRST formalism. We first derive the on-shell nilpotent (anti-)BRST symme-
try transformations for the relevant fields (cf. (2.6) below) of the 4D theory by invoking
the gauge (i.e. nilpotent (anti-)BRST) invariant horizontality condition on the (anti-)chiral
gauge superfields that are defined on the (4, 1)-dimensional (anti-)chiral super sub-manifold
of the general (4, 2)-dimensional supermanifold. This warm-up exercise (i) provides very
useful clues for the choice of the secondary fields in terms of the auxiliary fields of the La-
grangian density (cf. (2.1) below) which play important role in the super expansion of the
(anti-)chiral superfields, and (ii) leads to some novel features that are connected with the
Lorentz vector (anti-)ghost fields (C¯µ)Cµ. The above novel observation is not found in the
case of the application of the superfield approach to (non-)Abelian 1-form gauge theories.
We provide the geometrical interpretation for the novel observation found in the context of
the superfield approach to 4D Abelian 2-form gauge theory. Finally, we merge the above
(anti-)chiral superfields to obtain the superfields defined on the general (4, 2)-dimensional
supermanifold. Once again, we exploit the power of the gauge (i.e. (anti-)BRST) invari-
ant horizontality condition (that owes its origin to the super exterior derivative defined on
the above supermanifold) to derive the off-shell nilpotent (anti-)BRST symmetry trans-
formations for all the fields of the appropriate Lagrangian density (cf. (2.1) below). We
provide geometrical interpretation for the off-shell as well as on-shell nilpotent (anti-)BRST
symmetry transformations, their underlying nilpotency and anticommutativity properties
in the language of the translational generators along the Grassmannian directions of the
suitable supermanifolds. We would like to re-emphasize that the novel features, mentioned
above, are connected with the local (anti-)ghost fields (C¯µ)Cµ (and their corresponding
superfields) that are not present in the context of 4D (non-)Abelian 1-form gauge theories.
Our present investigation is interesting and essential on the following grounds. First
and foremost, to the best of our knowledge, the superfield approach to BRST formalism
proposed in [3,4,14-24] has never been applied to the 2-form (and/or higher spin) gauge
theories which are very important in the context of quantized (super)string theories and
related extended objects. Thus, it is a challenging problem to accomplish the very same
goal in a consistent and cogent manner. Second, the geometrical origin and interpreta-
tion for some of the key mathematical properties associated with the BRST symmetries
(and their corresponding generators) become transparent only in the superfield approach
adopted in [3,4,14-24]. In contrast, though the (anti-)BRST symmetries for all the fields
of the 2-form gauge theories have been derived in [1,2,5-8], the geometrical interpretations
for the above symmetries do not become clear. Finally, our present endeavour is the first
modest step towards our main goal of (i) deriving the nilpotent (anti-)co-BRST symmetry
transformations for the 4D free Abelian 2-form gauge theory, (ii) obtaining the nilpotent
4
(anti-)BRST and (anti-)co-BRST symmetry transformations for the non-Abelian 2-form
gauge theory, and (iii) deriving the (anti-)BRST and (anti-)co-BRST symmetry transfor-
mations for the higher spin gauge theories as well as gravitational theories in the framework
of the geometrical superfield approach to BRST formalism proposed in [3,4,14-24].
The contents of our present paper are organized as follows. In section 2, we discuss the
bare essentials of the nilpotent (anti-)BRST symmetry transformations for the free Abelian
2-form gauge theory in the framework of Lagrangian formulation to set up the notations and
conventions. Section 3 is devoted to the derivation of the on-shell nilpotent (anti-)BRST
symmetry transformations in the framework of the superfield formulation by invoking the
horizontality condition on the (anti-)chiral 2-form gauge superfields that are defined on the
(4, 1)-dimensional (anti-)chiral supermanifolds. The off-shell nilpotent (anti-)BRST sym-
metry transformations are derived in section 4 by exploiting a gauge-invariant restriction
on the 2-form gauge superfields that are defined on the (4, 2)-dimensional supermanifold.
Finally, in section 5, we summarize our key results, make some concluding remarks and
point out a few future directions that could be pursued, later on, for further investigations.
2 Preliminary: (Anti-)BRST Symmetries in Lagrangian Formulation
We begin with the following off-shell nilpotent (anti-)BRST invariant Lagrangian density




























where the totally antisymmetric field strength tensor Hµνκ = ∂µBνκ + ∂νBκµ + ∂κBµν is
derived from the 3-form H(3) = dB(2) ≡ (1/3!)(dxµ ∧ dxν ∧ dxκ)Hµνκ that is constructed
with the help of the nilpotent (d2 = 0) exterior derivative d = dxµ∂µ and the 2-form
connection B(2) = (1/2!)(dxµ ∧ dxν)Bµν . The latter defines the antisymmetric potential
Bµν (i.e. the gauge field) of the present free Abelian 2-form gauge theory. The bosonic
auxiliary field Bµ = +(∂
νBνµ − ∂µφ1) is the Nakanishi-Lautrup auxiliary field and there
are a pair of fermionic (i.e. ρ2 = 0, λ2 = 0, ρλ + λρ = 0) Lorentz scalar auxiliary ghost
fields ρ = −1
2
(∂ · C¯) and λ = −1
2
(∂ · C) in the theory. Furthermore, there exists a couple
of fermionic (C2µ = 0, C¯
2
µ = 0, CµC¯ν + C¯νCµ = 0, etc.) Lorentz vector (anti-)ghost fields
(C¯µ)Cµ (with the ghost number ∓1) and a pair of bosonic (i.e. β
2 6= 0, β¯2 6= 0, ββ¯ = β¯β)
Lorentz scalar (anti-)ghost fields (β¯)β (with the ghost number ∓2) that are required for the
gauge-fixing term (i.e. +(1/2)(∂νBµν − ∂µφ1)
2) that is present in the Lagrangian density
†We adopt here the notations and conventions such that the 4D flat Minkowskian metric is a diagonal
metric with the signatures: ηµν = diag (+1,−1,−1,−1). This implies that (A ·B) = A
µBµ ≡ ηµνA
µBν =
A0B0−AiBi corresponds to the dot product between the four-vectors Aµ and Bµ. Here the Greek indices
µ, ν, κ.... = 0, 1, 2, 3 stand for the spacetime directions on the 4D Minkowskian spacetime manifold and
Latin indices i, j, k.... = 1, 2, 3 denote only the space directions on the above spacetime manifold.
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(2.1). The field φ1, that appears in the gauge-fixing term, is a massless 2φ1 = 0 scalar field
where 2 = ∂20 − ∂
2
i . This field is required due to the stage-one reducibility in the theory.
The above Lagrangian density for the free Abelian 2-form gauge theory is endowed with
the following off-shell nilpotent (s2(a)b = 0) (anti-)BRST symmetry transformations s(a)b
sbBµν = −(∂µCν − ∂νCµ), sbCµ = −∂µβ, sbC¯µ = − Bµ,
sbφ1 = λ, sbβ¯ = −ρ, sb
[




sabBµν = −(∂µC¯ν − ∂νC¯µ), sabC¯µ = +∂µβ¯, sabCµ = + Bµ,
sabφ1 = ρ, sabβ = −λ, sab
[




It will be noted that, under the above nilpotent (anti-)BRST symmetry transformations ‡,
the Lagrangian density transforms as: sbLB = −∂µ[B
µλ + (∂µCν − ∂νCµ)Bν − ρ∂
µβ] and
sabLB = −∂µ[B
µρ + (∂µC¯ν − ∂νC¯µ)Bν − λ∂
µβ¯]. The on-shell nilpotent versions s˜(a)b of
the above off-shell nilpotent (anti-)BRST symmetry transformations can be obtained from
(2.2) and (2.3) by replacing the auxiliary fields Bµ, ρ and λ in terms the basic fields of the
theory. These on-shell nilpotent symmetry transformations are listed as follows:





(∂ · C), s˜bβ¯ = +
1
2
(∂ · C¯), s˜bβ = 0, s˜bHµνκ = 0,
(2.4)





(∂ · C¯), s˜abβ = +
1
2
(∂ · C), s˜abβ¯ = 0, s˜abHµνκ = 0.
(2.5)
A few important points, at this stage, are in order. First, it will be noted that the trans-






















(∂ · C¯)(∂ · C),
(2.6)
which is derived from the Lagrangian density (2.1) by replacing the auxiliary fields Bµ, ρ and
λ in terms of the basic fields of the theory. Second, the nilpotency of the transformations
s˜(a)b is ensured if and only if we use 2Cµ =
3
2
∂µ(∂ · C),2C¯µ =
3
2
∂µ(∂ · C¯),2φ1 = 0,2β =
0,2β¯ = 0 that are derived from (2.6) by exploiting the Euler-Lagrange equations of motion.
Finally, it can be readily seen that the curvature tensor Hµνκ (of the 3-form H
(3)), owing
its origin to the exterior derivative d = dxµ∂µ, remains invariant under the off-shell as
well as on-shell nilpotent (anti-)BRST symmetry transformations. This observation will
be extensively exploited in sections 3 and 4 where the super exterior derivative would be
playing an important role in the derivation of the (anti-)BRST symmetry transformations
together within the framework of the geometrical superfield approach to BRST formalism.
‡The above nilpotent (anti-)BRST symmetry transformations (cf. (2.2) and (2.3)) differ from the ones,
given in our earlier works [32,33], by a sign factor. The above choice has been taken only for the algebraic
convenience in the context of superfield approach to derive these nilpotent symmetry transformations.
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The above off-shell as well as on-shell nilpotent (anti-)BRST symmetry transformations
are generated by the conserved charges Q(a)b and Q˜(a)b, respectively. For a generic field
Ω(x), this statement can be succinctly expressed in the mathematical form, as
srΩ(x) = −i [Ω(x), Qr](±), s˜rΩ(x) = −i [Ω(x), Q˜r](±), r = b, ab, (2.7)
where the (+)− signs, as the subscripts on the above square brackets, correspond to
the (anti)commutators for the generic field Ω(x) (of the Lagrangian densities (2.1) and
(2.6)) being fermionic(bosonic) in nature. The exact expressions for the nilpotent (i.e.
Q2(a)b = 0, Q˜
2
(a)b = 0) (anti-)BRST charges Q(a)b and Q˜(a)b are not required for our fur-
ther discussions. These expressions, however, can be derived by exploiting the Noether
theorem. The other key properties, that would be useful for our later discussions, are
QbQab +QabQb = 0⇔ sbsab + sabsb = 0 as well as Q˜bQ˜ab + Q˜abQ˜b = 0⇔ s˜bs˜ab + s˜abs˜b = 0.
3 On-shell Nilpotent (Anti-)BRST Symmetries: Superfield Approach
In this section, as a warm up exercise, we derive the on-shell nilpotent BRST and anti-
BRST symmetry transformations (2.4) and (2.5) by invoking a specific gauge invariant
restriction on the chiral and anti-chiral 2-form gauge superfields that are defined on the (4,
1)-dimensional super sub-manifold of the general (4, 2)-dimensional supermanifold.
3.1 On-Shell Nilpotent BRST Symmetries: Chiral Superfields
First of all, we begin with the generalization of the basic 4D local fields Bµν(x), Cµ(x),
C¯µ(x), β(x), β¯(x) and φ1(x) of the Lagrangian density (2.6) to the chiral superfields
B˜(c)µν (x, θ¯),F
(c)
µ (x, θ¯), F¯
(c)





1 (x, θ¯) which are defined on the (4,
1)-dimensional chiral (i.e. θ = 0) super sub-manifold of the general (4, 2)-dimensional
supermanifold parametrized by the superspace variables ZM = (xµ, θ, θ¯). The above chiral
super sub-manifold is parametrized by ZM(c) = (x
µ, θ¯) and the chiral superfields can be ex-
panded, along the Grassmannian direction θ¯, in terms of the basic fields of the Lagrangian




µ , f1, f2, f3) as
B˜(c)µν (x, θ¯) = Bµν(x) + θ¯ Rµν(x), F˜
(c)
µ (x, θ¯) = Cµ(x) + θ¯ B
(1)
µ (x),
β˜(c)(x, θ¯) = β(x) + θ¯ f1(x),
˜¯β
(c)
(x, θ¯) = β¯(x) + θ¯ f2(x),
Φ˜
(c)
1 (x, θ¯) = φ1(x) + θ¯ f3(x),
˜¯F
(c)




A few points, at this stage, are in order. First and foremost, in the limit (θ¯ → 0), we





µ , β, β¯, φ1) and fermionic (i.e. Rµν , Cµ, C¯µ, f1, f2, f3) fields do match as is re-
quired by the basic tenets of the supersymmetric field theory. Finally, all the fields on the
r.h.s. are function of the spacetime coordinate xµ alone.
7
The secondary fields of the above expansion would be determined in terms of the basic
fields of the Lagrangian density (2.6) by exploiting the horizontality condition of the usual
superfield approach to BRST formalism. To this objective in mind, we have to generalize a
few more ordinary mathematical quantities to their superspace counterparts. On the above
(4, 1)-dimensional chiral super sub-manifold, the ordinary exterior derivative d = dxµ∂µ
and ordinary 2-form connection B(2) = 1
2!
(dxµ ∧ dxν)Bµν(x) can be generalized, in terms
of the chiral superfields (3.1), the chiral differential dZ
(c)
M = (dx





= (∂µ, ∂θ¯), as follows:










(dxµ ∧ dxν) B˜(c)µν (x, θ¯)
+(dxµ ∧ dθ¯) F˜ (c)µ (x, θ¯) + (dθ¯ ∧ dθ¯) β˜
(c)(x, θ¯).
(3.2)
It can be readily checked that in the limit θ¯ → 0, we get back the ordinary exterior derivative
d = dxµ∂µ and the ordinary 2-form connection B
(2) = 1
2!
(dxµ∧dxν)Bµν from (3.2) if we use
the inputs from (3.1). The generalization of the ordinary curvature 3-form H(3) = dB(2) to










(dxσ ∧ dxµ ∧ dxν)(∂σB˜
(c)

















where we have exploited the usual rules for the wedge products of the superspace differen-
tials, namely; dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dθ = −dθ∧ dxµ, dθ∧ dθ¯ = dθ¯∧ dθ, dxµ ∧ dθ¯ =
−dθ¯ ∧ dxµ, dθ ∧ dθ 6= 0, dθ¯ ∧ dθ¯ 6= 0, dxµ ∧ dθ ∧ dθ = dθ ∧ dθ ∧ dxµ, etc.




chiral super curvature 3-form to the ordinary curvature 3-form. It is emphasized that this
condition is a gauge (i.e. BRST) invariant restriction because s˜bHµνσ = 0 where curvature
tensor Hµνσ is defined from the ordinary 3-form H
(3) = (1/3!)(dxµ ∧ dxν ∧ dxσ)Hµνσ.
Mathematically, the above restriction implies that all the Grassmannian components of the
chiral super 3-form curvature would be set equal to zero. In other words, the coefficients
of the super 3-form differentials (dxµ ∧ dxν ∧ dθ¯), (dxµ ∧ dθ¯ ∧ dθ¯) and (dθ¯ ∧ dθ¯ ∧ dθ¯) of
the above equation (3.3) would be equated to zero. This condition, in turn, leads to the
following relationships:
∂θ¯β˜
(c)(x, θ¯) = 0 ⇒ f1(x) = 0,
∂θ¯F˜
(c) + ∂µβ˜









The final outcome of the above restrictions is f1(x) = 0, B
(1)





µ = 0 with B
(1)
µ = −∂µβ. The substitution of the above
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expressions into the expansion in (3.1) leads to the following equations in terms of the
on-shell nilpotent BRST symmetry transformations s˜b, namely;
B˜(c)µν (x, θ¯) = Bµν(x) + θ¯ (s˜bBµν(x)),
F˜ (c)µ (x, θ¯) = Cµ(x) + θ¯ (s˜bCµ(x)),
β˜(c)(x, θ¯) = β(x) + θ¯ (s˜bβ(x)).
(3.5)
Thus, the horizontality condition (i.e. H˜
(3)
(c) = H
(3)) leads to the derivation of the on-shell
nilpotent symmetry transformations of (2.4) for the basic fields Bµν(x), Cµ(x) and β(x).
The stage is now set to compare the coefficients of the 3-form differentials (dxµ ∧ dxν ∧
dxσ) from the l.h.s. and r.h.s. of the horizontality condition H˜
(3)
(c) = H
(3). It is evident that
the r.h.s. of this equality is 1
3!
(dxµ∧dxν ∧dxσ)Hµνσ where Hµνσ = ∂µBνσ+∂νBσµ+∂σBµν .
The explicit expression for the l.h.s. is
1
3!







where the substitutions from the expansion (3.1) have to be made for the chiral superfield
B˜(c)µν , etc. Ultimately, the following restriction emerges from the equality of the l.h.s. and




∂µRνσ + ∂νRσµ + ∂σRµν = 0, (3.7)
which is readily satisfied by our result Rµν = −(∂µCν − ∂νCµ).
Now we focus on the derivation of the on-shell nilpotent BRST symmetry transfor-
mations s˜b (cf. (2.4)) for the basic fields φ1(x), β¯(x) and C¯µ(x) that are present in the
Lagrangian density (2.6). The secondary fields f2(x), f3(x) and B
(2)
µ (x), that exist in the







µ , can be judiciously chosen in
terms of the auxiliary fields of the Lagrangian density (2.1) as§ f2 = −ρ, f3 = +λ and
B(2)µ = −Bµ. At this juncture, the equations of motion, derived from the Lagrangian
density (2.1), come to our help because the auxiliary fields can be expressed in terms of
the basic fields as: ρ = −(1/2)(∂ · C¯), λ = −(1/2)(∂ · C), Bµ = +(∂
νBνµ − ∂µφ1). The
substitution of these values into the expansion (3.1) leads to the following expansions for
the chiral superfields on the chiral supermanifold, namely;
˜¯β
(c)
(x, θ¯) = β¯(x) + θ¯ (s˜bβ¯(x)),
Φ˜
(c)
1 (x, θ¯) = φ1(x) + θ¯ (s˜bφ1(x)),
˜¯F
(c)
µ (x, θ¯) = C¯µ(x) + θ¯ (s˜bC¯µ(x)),
(3.8)
where s˜b is the on-shell nilpotent BRST transformation of the theory given in (2.4).
§The logical reason behind these choices would be provided in section 4 where we shall discuss the
derivation of the off-shell nilpotent (anti-)BRST symmetry transformations for the 2-form Abelian gauge
theory in the framework of the superfield approach to BRST formalism. These preferred choices would
remain the same (i.e. with the same signs) in the whole body of our present paper.
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Taking the help of equations (2.7), (3.5) and (3.8), it is clear that the on-shell nilpotent
symmetry transformation s˜b (and the corresponding on-shell nilpotent generator Q˜b) for
any local basic field of the Lagrangian density (2.6) is equivalent to the translation of
the corresponding chiral superfield along the Grassmannian direction θ¯ of the chiral (4,
1)-dimensional chiral super sub-manifold. This statement can be succinctly expressed, in
terms of the mathematical expressions, as illustrated below:




In other words, the translation of all the chiral superfields of equation (3.1) along the chiral
(i.e. θ¯) direction of the (4, 1)-dimensional super sub-manifold generates the on-shell nilpo-
tent BRST symmetry transformation s˜b for the corresponding 4D local basic fields of the
Lagrangian density (2.6). Thus, geometrical interpretation of s˜b (and/or Q˜b) is very clear.
3.2 On-Shell Nilpotent Anti-BRST Symmetries: Anti-Chiral Superfields
Here we derive the on-shell nilpotent anti-BRST symmetry transformations (2.5) for the
basic fields of the Lagrangian density (2.6) in the framework of superfield formulation. To
this end in mind, we generalize the local basic fields, defined on the 4DMinkowski spacetime
manifold, to the anti-chiral superfields defined on the (4, 1)-dimensional anti-chiral super
sub-manifold that is parametrized by the anti-chiral superspace variables ZM(ac) = (x
µ, θ).
In other words, we have the mappings: Bµν(x)→ B˜
(ac)
µν (x, θ), Cµ(x)→ F˜
(ac)
µ (x, θ), C¯µ(x)→
˜¯F
(ac)
µ (x, θ), φ1(x)→ Φ˜
(ac)
1 (x, θ), β(x)→ β˜
(ac)(x, θ) and β¯(x)→ ˜¯β
(ac)
(x, θ). These anti-chiral
superfields can be expanded in terms of the secondary fields and basic fields as
B˜(ac)µν (x, θ) = Bµν(x) + θ R¯µν(x), F˜
(ac)
µ (x, θ) = Cµ(x) + θ B¯
(1)
µ (x),
β˜(ac)(x, θ) = β(x) + θ f¯1(x),
˜¯β
(ac)
(x, θ) = β¯(x) + θ f¯2(x),
Φ˜
(ac)
1 (x, θ) = φ1(x) + θ f¯3(x),
˜¯F
(ac)




It is evident that, in the limit θ → 0, we get back the basic fields of the Lagrangian density




µ , φ1, β, β¯) do match with the fermionic fields
(R¯µν , Cµ, C¯µ, f¯1, f¯2, f¯3) in the above expansion.
To derive the on-shell nilpotent anti-BRST symmetry transformation s˜ab of (2.5), we
have to exploit the horizontality condition (i.e. H˜
(3)
(ac) = H
(3)) on the anti-chiral 2-form gauge
superfield defined on the (4, 1)-dimensional anti-chiral super sub-manifold (parametrized
by the chiral superspace variables ZM(ac) = (x
µ, θ)). For this purpose, we have to generalize
the ordinary exterior derivative d = dxµ∂µ and the ordinary 2-form B
(2) to their anti-chiral
(i.e. θ¯ = 0) counterparts defined on the above anti-chiral super sub-manifold of the general
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(4, 2)-dimensional supermanifold. These are as follows:










(dxµ ∧ dxν) B˜(ac)µν (x, θ)
+(dxµ ∧ dθ) ˜¯F
(ac)














µ (x, θ) and
˜¯β
(ac)











(dxσ ∧ dxµ ∧ dxν)(∂σB˜
(ac)
























The above super 3-form has to be equated to the ordinary 3-form curvature H(3) = dB(2)
due to the horizontality condition on the anti-chiral super sub-manifold. It will be noted
that the ordinary 3-form H(3) = (1/3!)(dxµ ∧ dxν ∧ dxσ)Hµνσ is a gauge (i.e. anti-
BRST) invariant quantity because the curvature tensor Hµνσ remains invariant under it
(i.e. s˜abHµνσ = 0). Thus, horizontality condition (i.e. d˜|(ac)B˜
(2)
(ac) = dB
(2)) is a gauge
invariant restriction on the anti-chiral super 2-form gauge connection.
Finally, due to the horizontality condition (i.e. H˜
(3)
(ac) = H
(3)), it is clear that we have
to set equal to zero the coefficients of the 3-form differentials (dθ∧ dθ∧ dθ), (dxµ ∧ dθ∧ dθ)



























µ = 0 with B¯
(2)
µ = −∂µβ¯. These results can be readily checked from the
expansions quoted in equation (3.10) and conditions (3.13). The substitution of the above
values of the secondary fields into the expansion in (3.10) leads to the derivation of the
on-shell nilpotent anti-BRST symmetry transformations (2.5) for the fields Bµν , C¯µ and β¯.
This can be stated in terms of the following explicit expansions:
B˜(ac)µν (x, θ) = Bµν(x) + θ (s˜abBµν(x)),
˜¯F
(ac)
µ (x, θ) = C¯µ(x)− θ (s˜abC¯µ(x)),
˜¯β
(ac)
(x, θ) = β¯(x) + θ (s˜abβ¯(x)).
(3.14)
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Thus, it is gratifying to note that the horizontality condition H˜
(3)
(ac) = H
(3) on the anti-
chiral gauge superfield enables us to derive the on-shell nilpotent anti-BRST symmetry
transformations for the three out of six basic fields of the Lagrangian density (2.6).
Like expansion (3.5), that leads to the geometrical interpretation for the on-shell nilpo-
tent BRST symmetry transformation s˜b as the translational generator (∂/∂θ¯) along the
Grassmannian θ¯-direction of the chiral super sub-manifold, the above equation (3.14) im-
plies that the on-shell nilpotent anti-BRST symmetry transformation s˜ab corresponds to the
translational generator (∂/∂θ) along the Grassmannian direction θ of the anti-chiral super-
manifold. However, there is a caveat. If the translation of the chiral superfield F˜ (c)µ (x, θ¯)
along the positive chiral direction θ¯ of the chiral supermanifold generates the nilpotent
BRST transformation s˜b for the fermionic field Cµ, then, the translation of the anti-chiral
superfield ¯˜F
(ac)
µ (x, θ) along the negative θ-direction of the anti-chiral super sub-manifold
generates the nilpotent anti-BRST symmetry transformation s˜ab for the fermionic field C¯µ.
The above application of the horizontality condition does not shed any light on the anti-
BRST symmetry transformations for the fields φ1, β, Cµ. However, one is free to choose
¶
the secondary fields f¯1, f¯3 and B¯
(1)
µ in terms of the auxiliary fields of the Lagrangian density
(2.1) as: f¯1 = −λ, f¯3 = ρ and B¯
(1)
µ = Bµ. At this stage, the equations of motion, derived
from the Lagrangian density (2.1), come to our help because they enable us to express the
auxiliary fields Bµ, ρ, λ in terms of the basic fields of the Lagrangian density (2.6). Plugging
in, these values into the expansion (3.10), leads to the expansion for the remaining anti-
chiral superfields of (3.10) in terms of the anti-BRST symmetry transformations s˜ab of
(2.5). This statement can be explicitly expressed as
β˜(ac)(x, θ) = β(x) + θ (s˜abβ(x)),
Φ˜
(ac)
1 (x, θ) = φ1(x) + θ (s˜abφ1(x)),
F˜ (ac)µ (x, θ) = Cµ(x) + θ (s˜abCµ(x)).
(3.15)
Thus, we note that the expansions of the anti-chiral superfields in (3.14) and (3.15), in
terms of the anti-BRST symmetry transformations (2.5), are exactly similar in structure
in the sense that s˜ab appears at the same place (i.e. as the coefficient of the Grassmannian
parameter θ in the above expansions). However, there is a key difference which we would
like to emphasize. Whereas in the expansion of the chiral superfield F˜ (c)µ (cf. (3.5)), there
is a plus sign (i.e. F˜ (c)µ (x, θ¯) = Cµ + θ¯(s˜bCµ)), in the corresponding expansion for the anti-
chiral superfield ¯˜F
(ac)
µ (cf. (3.14)), there is a minus sign (i.e.
¯˜F
(ac)
µ (x, θ) = C¯µ − θ(s˜abC¯µ)).
We have already commented on this key discrepancy in the language of the translational
generators on the (anti-)chiral super sub-manifolds that correspond to the on-shell nilpotent
(anti-)BRST symmetry transformations (see the text after (3.14)). We shall dwell a bit
more on this issue in section 5 where we shall make some concluding remarks.
¶The reason for the choice of the secondary fields in terms of the auxiliary fields (with the specific
signs associated with them) would become clear in section 4 where we shall derive the off-shell nilpotent
(anti-)BRST symmetry transformations for all the basic fields of the theory.
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So far, we have not equated the coefficient of the 3-form differentials (dxµ ∧ dxν ∧ dxσ)




this equality can be expressed as follows:
∂µB
(ac)
νσ (x, θ) + ∂νB
(ac)
νσ (x, θ) + ∂σB
(ac)
µν (x, θ) = ∂µBνσ(x) + ∂νBσµ(x) + ∂σBσν(x). (3.16)
The substitution of the expansion of (3.10) in the above leads to the following restriction
on the secondary field R¯µν(x), namely;
∂µR¯νσ(x) + ∂νR¯σµ(x) + ∂σR¯µν(x) = 0. (3.17)
It is obvious that the above condition would be automatically satisfied by our result R¯µν =




The geometrical interpretation for the on-shell nilpotent anti-BRST symmetry trans-
formation s˜ab (along with the corresponding nilpotent generator Q˜ab) emerges from a close
look at the equations (3.14), (3.15) and (2.7). This can be stated, mathematically, as
∂
∂θ
Ω˜(ac)(x, θ) = s˜abΩ(x) ≡ −i[Ω(x), Q˜ab](±), (3.18)
where Ω(x) is the generic local field of the Lagrangian density (2.6) and Ω˜(ac)(x, θ) is the
corresponding anti-chiral superfield defined on the (4, 1)-dimensional anti-chiral superman-
ifold. Geometrically, the translation of an anti-chiral superfield along the Grassmannian
θ-direction of the anti-chiral super sub-manifold generates the on-shell nilpotent anti-BRST
symmetry transformation for the corresponding local field of the ordinary Lagrangian den-
sity (2.6) which is defined on the 4D Minkowski spacetime manifold. The on-shell nilpotent
anti-BRST symmetry transformation s˜ab is, in turn, connected with the on-shell nilpotent
anti-BRST charge Q˜ab. Thus, s˜ab and Q˜ab together find their geometrical origin and inter-
pretation in the language of the superfield approach to BRST formalism.
We wrap up this sub-section with the following remark. As commented earlier, the
geometrical interpretation, emerging out from equation (3.18), is not valid for the super
expansion of the anti-chiral superfield ¯˜F
(ac)
µ (x, θ) because of the presence of a minus sign
in its expansion (cf. (3.14)). In fact, for this case, the translation is along the negative
direction of the Grassmannian coordinate θ which is responsible for the existence of the
anti-BRST symmetry transformation s˜ab for the field C¯µ.
4 Off-Shell Nilpotent (Anti-)BRST Symmetries: Superfield Approach
To derive the off-shell nilpotent (anti-)BRST symmetry transformations of equations (2.2)
and (2.3), we begin with the superfields, that are the generalization of the basic 4D local
fields of the Lagrangian density (2.1), on the general (4, 2)-dimensional supermanifold,
characterized by the superspace variable ZM = (xµ, θ, θ¯). These superfields can be ex-
panded along the Grassmannian directions in terms of the basic fields and the auxiliary
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fields of the Lagrangian density (2.1) as well as some extra secondary fields as
B˜µν(x, θ, θ¯) = Bµν(x) + θ R¯µν(x) + θ¯ Rµν(x) + i θ θ¯ Sµν(x),
β˜(x, θ, θ¯) = β(x) + θ f¯1(x) + θ¯ f1(x) + i θ θ¯ b1(x),
˜¯β(x, θ, θ¯) = β¯(x) + θ f¯2(x) + θ¯ f2(x) + i θ θ¯ b2(x),
Φ˜1(x, θ, θ¯) = φ1(x) + θ f¯3(x) + θ¯ f3(x) + i θ θ¯ b3(x),
F˜µ(x, θ, θ¯) = Cµ(x) + θ B¯
(1)
µ (x) + θ¯ B
(1)
µ (x) + i θ θ¯ f
(1)
µ (x),
˜¯Fµ(x, θ, θ¯) = C¯µ(x) + θ B¯
(2)
µ (x) + θ¯ B
(2)




It is straightforward to note that, in the limit (θ, θ¯) → 0, we retrieve the basic 4D fields
of the Lagrangian density (2.1) and the number of the fermionic and bosonic fields on the
r.h.s. of the above expansion do match. It will also be noted that, in the above expansion,
the chiral and anti-chiral expansion of equations (3.1) and (3.10) have been merged together
to yield the super expansions along the independent Grassmannian directions of the above
general (4, 2)-dimensional supermanifold.
We have to exploit now the mathematical potential of the horizontality condition (i.e.
d˜B˜(2) = dB(2)) to obtain the off-shell nilpotent (anti-)BRST symmetry transformations
of (2.2) and (2.3). To this end in mind, we first of all, generalize the ordinary exterior
derivative d = dxµ∂µ as well as the 2-form B
(2) = (1/2!)(dxµ ∧ dxν)Bµν of the ordinary 4D
spacetime manifold to their counterparts on the (4, 2)-dimensional supermanifold. These
are
d→ d˜ = dZM∂ZM ≡ dx
µ∂µ + dθ∂θ + dθ¯∂θ¯, ∂ZM = (∂µ, ∂θ, ∂θ¯),
B(2) → B˜(2) =
1
2!
(dxµ ∧ dxν) B˜µν(x, θ, θ¯)
+(dxµ ∧ dθ) ˜¯Fµ(x, θ, θ¯) + (dx
µ ∧ dθ¯) F˜µ(x, θ, θ¯)
+(dθ ∧ dθ) ˜¯β(x, θ, θ¯) + (dθ¯ ∧ dθ¯) β˜(x, θ, θ¯) + (dθ ∧ dθ¯) Φ˜1(x, θ, θ¯).
(4.2)
Taking the help of (4.1) and (4.2), it can be readily seen that the above definitions on the
(4, 2)-dimensional supermanifold reduce to their counterparts (i.e. d,B(2)) on the ordinary
4D spacetime manifold in the limit (θ, θ¯)→ 0.
The horizontality condition is a gauge (i.e. BRST) invariant restriction because dB(2) =
H(3) ≡ (1/3!)(dxµ∧dxν∧dxκ)Hµνκ is a BRST invariant quantity in the sense that sbHµνκ =
0. To see the consequences of the horizontality condition in its full blaze of glory, we have
to compute explicitly the super 3-form d˜B˜(2) and set all the Grassmannian components
equal to zero. In other words, all the coefficients will be set equal to zero that would
correspond to the Grassmannian differentials. To this end in mind, we have the following
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(dxσ ∧ dxµ ∧ dxν)(∂σB˜µν) + (dθ ∧ dθ ∧ dθ)(∂θ
˜¯β) + (dθ¯ ∧ dθ¯ ∧ dθ¯)(∂θ¯β˜)





(dxµ ∧ dxν ∧ dθ) [∂θB˜µν + ∂µ
˜¯Fν − ∂ν
˜¯Fµ]
+ (dxµ ∧ dθ ∧ dθ) [∂θ
˜¯Fµ + ∂µ




(dxµ ∧ dxν ∧ dθ¯) [∂θ¯B˜µν + ∂µF˜ν − ∂νF˜µ]
+ (dxµ ∧ dθ ∧ dθ¯) [∂µΦ˜1 + ∂θF˜µ + ∂θ¯
˜¯Fµ].
(4.3)
The first term is the above expression has to be equated with the r.h.s. This equality, in
its full bloom, is as follows
1
3!
(dxµ ∧ dxν ∧ dxσ) [∂µB˜νσ(x, θ, θ¯) + ∂νB˜σµ(x, θ, θ¯) + ∂σB˜µν(x, θ, θ¯)] =
1
3!
(dxµ ∧ dxν ∧ dxσ) [∂µBνσ(x) + ∂νBσµ(x) + ∂σBµν(x)].
(4.4)
It is clear that the l.h.s. of the above equation would have some coefficients of the Grass-
mannian variables θ, θ¯ and θθ¯. These will be set equal to zero for the sanctity of the
horizontality condition because the r.h.s. does not contain such a kind of terms.
Let us, first of all, set the coefficients of the 3-form differentials (dθ ∧ dθ ∧ dθ) and
(dθ¯ ∧ dθ¯ ∧ dθ¯) equal to zero. These restrictions imply the following
∂θ
˜¯β(x, θ, θ¯) = 0⇒ f¯2(x) = 0, b2(x) = 0,
∂θ¯β˜(x, θ, θ¯) = 0⇒ f1(x) = 0, b1(x) = 0,
(4.5)
which entail upon the above superfields to reduce to
β˜(r)(x, θ) = β(x) + θf¯1(x),
˜¯β
(r)
(x, θ¯) = β¯(x) + θ¯f2(x). (4.6)
We go a step further and set the coefficients of the differentials (dθ∧dθ¯∧dθ¯) and (dθ¯∧dθ∧dθ)
equal to zero. This condition leads to the following relationships
∂θ¯Φ˜1(x, θ, θ¯) + ∂θβ˜
(r)(x, θ) = 0⇒ b3(x) = 0, f3(x) + f¯1(x) = 0,
∂θΦ˜1(x, θ, θ¯) + ∂θ¯
˜¯β
(r)
(x, θ¯) = 0⇒ b3(x) = 0, f¯3(x) + f2(x) = 0.
(4.7)
The above equation shows that the secondary/auxiliary fields of the superfields Φ˜1(x, θ, θ¯)
in the expansion (4.1) are connected with the similar fields in the expansion of β˜(r)(x, θ)
and ˜¯β
(r)
(x, θ¯) given in equation (4.6).
The stage is set now to make a judicious choice so that the conditions in (4.5) and (4.7)
could be satisfied. The following choices for the secondary fields, namely;
f¯3(x) = ρ(x) = −f2(x), f3(x) = λ(x) = −f¯1(x), (4.8)
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lead to the following expansions of the superfields
β˜(r)(x, θ) = β(x) + θ (−λ(x)) ≡ β(x) + θ (sabβ(x)),
˜¯β
(r)
(x, θ¯) = β¯(x) + θ¯ (−ρ(x)) ≡ β¯(x) + θ¯ (sbβ¯(x)),
Φ˜
(r)
1 (x, θ, θ¯) = φ1(x) + θ (ρ(x)) + θ¯ (λ(x)) ≡ φ1(x) + θ (sabφ1(x)) + θ¯ (sbφ1(x)),
(4.9)
where s(a)b are the off-shell nilpotent (anti-)BRST symmetry transformations quoted in
(2.2) and (2.3). Thus, we have been able to derive the (anti-)BRST symmetry transforma-
tions associated with the local fields β(x), β¯(x) and φ1(x) of the Lagrangian density (2.1)
in the framework of the superfield approach to BRST formalism. It will be noted that the
choices made in (4.8) are consistent with our earlier identifications in sections 2 and 3. Fur-
thermore, our present discussion, does provide a logical reason for the ad-hoc choices made
in our earlier sections 2 and 3 for the above secondary fields (i.e. f¯1, f2, f3, f¯3) in terms of
the auxiliary ghost fields ρ and λ. In fact, it is worth emphasizing that one would have
started with the explicit presence of the auxiliary fields Bµ, ρ and λ in the expansion (4.1)
itself as has been the case with the earlier works on superfield approach to BRST formalism
in the context of 1-form (non-)Abelian gauge theories (see, e.g. [3,4] for details). However,
just for the sake of generality, we have started out with an expansion of the superfields (cf.
(4.1)) which looks very general in nature.
Let us focus on the conditions ∂µβ˜




˜¯Fµ = 0. These
requirements imply the following relationships
B(1)µ = −∂µβ, f
(1)
µ = +i∂µλ, B¯
(2)
µ = −∂µβ¯, f¯
(2)
µ = −i∂µρ. (4.10)
The substitution of the above values in the expansions of the superfields F˜µ and
˜¯Fµ leads
to the following version of their reduced form
F˜ (r)µ (x, θ, θ¯) = Cµ(x) + θ B¯
(1)
µ (x) + θ¯ (−∂µβ(x)) + θ θ¯ (−∂µλ(x)),
˜¯F
(r)
µ (x, θ, θ¯) = C¯µ(x) + θ (−∂µβ¯(x)) + θ¯ B
(2)
µ (x) + θ θ¯ (+∂µρ(x)).
(4.11)







µ = 0 implies the following
B¯(1)µ (x) +B
(2)
µ (x) + ∂µφ1(x) = 0, (4.12)
where the expansions from (4.9) and (4.11) have been inserted into the above restriction.
We are free to choose the expression for the secondary fields B¯(1)µ and B
(2)
µ in terms of the
auxiliary fields of the Lagrangian density (2.1).













µ = 0. The insertion of the super expansions in (4.11) and (4.1)
leads to the following relationships












There are a few important points that are to be emphasized at this stage. First, it is clear
that the last entry in the above equation is automatically satisfied due to the relationship








µ ). Second, a close
look at the nilpotent transformations (2.2) and (2.3) propel us to choose the secondary fields
as: B¯(1)µ = Bµ, B
(2)
µ = −Bµ. Furthermore, it will be noted that these choices are consistent
with our earlier identifications made in sections 2 and 3 in the context of the derivation
of the on-shell nilpotent (anti-)BRST symmetry transformations. Thus, the above choices
enable us to express the expansion in (4.11), in terms of the off-shell nilpotent (anti-)BRST
symmetry transformations (2.2) and (2.3) as
F˜ (r)µ (x, θ, θ¯) = Cµ(x) + θ B¯
(1)
µ (x) + θ¯ (−∂µβ(x)) + θ θ¯ (−∂µλ(x)),
≡ Cµ(x) + θ (sabCµ(x)) + θ¯ (sbCµ(x)) + θ θ¯ (sbsabCµ(x)),
˜¯F
(r)
µ (x, θ, θ¯) = C¯µ(x) + θ (−∂µβ¯(x)) + θ¯ B
(2)
µ (x) + θ θ¯ (+∂µρ(x))
≡ C¯µ(x)− θ (sabC¯µ(x)) + θ¯ (sbC¯µ(x))− θ θ¯ (sbsabC¯µ(x)).
(4.14)
Third, it may be noted that sbsabCµ = 0 and sabsbC¯µ = 0 if we substitute directly the
off-shell nilpotent (anti-)BRST symmetry transformations (2.2) and (2.3). However, it can
be readily checked that sabsbCµ = +∂µλ and sbsabC¯µ = −∂µρ. To maintain the sanctity of
relationship sbsab + sabsb = 0, it is evident that sbsabCµ = −∂µλ and sabsbC¯µ = +∂µρ. The
above arguments have been taken into consideration while writing the expansions (4.14).
Fourth, in contrast to the 1-form (non-)Abelian gauge theories [3,4,14-24], it is a very special
feature of the 2-form gauge theory that the expansion for the ˜¯F
(r)
µ cannot be expressed in
exactly the same fashion as that for the superfield F˜ (r)µ . In fact, these superfields differ in
their expansion by a sign factor. We shall say a bit more about it in our conclusion section.
Finally, the choice B¯(1)µ = Bµ and B
(2)
µ = −Bµ leads to the result, from the relationship
(4.12), as ∂µφ1 = 0. This shows that superfield approach to the BRST formalism puts a
further restriction (i.e. ∂µφ1 = 0) on the massless (i.e. 2φ1 = 0) scalar field φ1(x) which
happens to be the solution to the Euler-Lagrange equation of motion 2φ1 = 0. In other
words, the scalar field φ1 becomes a spacetime independent constant field. The logical
reason behind this result is hidden, in a subtle manner, in the stage-one reducibility that
is present in our free Abelian 2-form gauge theory.
The next restriction is the final restriction which enables us to compare the l.h.s. and
r.h.s. of the horizontality condition as given in (4.4). It is clear that the following relation-
ships would emerge from the above equality:
∂µRνσ + ∂νRσµ + ∂σRµν = 0, ∂µR¯νσ + ∂νR¯σµ + ∂σR¯µν = 0,
∂µSνσ + ∂νSσµ + ∂σSµν = 0.
(4.15)
These conditions would be readily satisfied by the values obtained for the expressions for
the secondary fields Rµν , R¯µν and Sµν in terms of the basic fields (cf. (4.13)). It is clear
from our above arguments that, finally, the expression for the secondary field Sµν , in terms
of the auxiliary field Bµ, is
Sµν = −i (∂µBν − ∂νBµ). (4.16)
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The above expression emerges from (4.13) with the identification B¯(1)µ = Bµ = −B
(2)
µ .
The substitution of all the above values of the secondary fields, in terms of the auxiliary
and basic fields, leads to the following expression for the expansion in (4.1), namely;
B˜(h)µν (x, θ, θ¯) = Bµν(x) + θ (sabBµν(x)) + θ¯ (sbBµν(x)) + θ θ¯ (sbsabBµν(x)),
β˜(h)(x, θ, θ¯) = β(x) + θ (sabβ(x)) + θ¯ (sbβ(x)) + θ θ¯ (sbsabβ(x)),
˜¯β
(h)
(x, θ, θ¯) = β¯(x) + θ (sabβ¯(x)) + θ¯ (sbβ¯(x)) + θ θ¯ (sbsabβ¯(x)),
Φ˜
(h)
1 (x, θ, θ¯) = φ1(x) + θ (sabφ1(x)) + θ¯ (sbφ1(x)) + θ θ¯ (sbsabφ1(x)),
F˜ (h)µ (x, θ, θ¯) = Cµ(x) + θ (sabCµ(x)) + θ¯ (sbCµ(x)) + θ θ¯ (sbsabCµ(x)),
˜¯F
(h)
µ (x, θ, θ¯) = C¯µ(x)− θ (sabC¯µ(x)) + θ¯ (sbC¯µ(x))− θ θ¯ (sbsabC¯µ(x)).
(4.17)
Here (i) the off-shell nilpotent transformations s(a)b of equations (2.2) and (2.3) have been
taken into account for the above almost uniform expansions, and (ii) the superscript (h) on
the above superfields denote the expansion of the superfields after the application of the
horizontality condition. Furthermore, it will be noted that, in the above uniform expansion,
we have taken into account sbsabφ1 = 0, sbβ = 0, sabβ¯ = 0. Finally, the geometrical
interpretations for the off-shell nilpotent (anti-)BRST symmetry transformations and their








Ω˜(x, θ, θ¯) = sbΩ(x) ≡ −i[Ω(x), Qb](±),
(4.18)
where Ω(x) is the generic local field of the Lagrangian density (2.1) and Ω˜(x, θ, θ¯) is the
corresponding superfield defined on the (4, 2)-dimensional supermanifold. The above ex-
pression implies that the off-shell nilpotent (anti-)BRST symmetry transformations s(a)b
and their corresponding generators Q(a)b geometrically correspond to the translational gen-
erators along the Grassmannian directions of the (4, 2)-dimensional supermanifold. To
be specific, the BRST symmetry transformation and the corresponding nilpotent charge
correspond to the translation of the particular superfield along the θ¯-direction of the su-
permanifold when there is no translation of the same superfield along the θ direction of the
supermanifold (i.e. θ → 0). This geometrical operation on the specific superfield generates
the BRST symmetry transformation for the corresponding 4D ordinary field present in the
Lagrangian density (2.1). The above identification in (4.18) is not precisely valid for the
superfield ˜¯Fµ(x, θ, θ¯). We shall, as pointed out earlier, comment on it in the next section.
5 Conclusions
In our present endeavour, we have concentrated on the application of the geometrical
superfield approach to BRST formalism to derive the off-shell as well as on-shell nilpotent
(anti-)BRST symmetry transformations for all the fields of the Lagrangian density of a free
4D Abelian 2-form gauge theory. To the best of our knowledge, this is for the first time that,
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in our present investigation, the idea of the usual superfield approach to BRST formalism,
proposed by Bonora et al. [3,4] in the context of the 4D non-Abelian 1-form gauge theory,
has been generalized to the case of the free 4D Abelian 2-form gauge theory. The above
geometrical superfield approach, we firmly believe, can be extended for the derivation of the
(anti-)BRST symmetry transformations in the case of the higher spin gauge theories which
have become important in the context of string theories and related extended objects.
One of the most important key features of our present superfield approach to the free
Abelian 2-form gauge theory is that the geometrical origin and interpretation for (i) the
nilpotent (anti-)BRST symmetry transformations and their corresponding generators, (ii)
the nilpotency property associated with the above symmetry transformations and their
corresponding generators, and (iii) the anticommutativity property of the (anti-)BRST
charges and the transformations they generate, etc., become very transparent. In fact,
one can encapsulate all the above mentioned geometrical interpretations in the following
mathematical mappings in a succinct manner, namely;
sb ⇔ Qb ⇔ Limθ→0
∂
∂θ¯
, sab ⇔ Qab ⇔ Limθ¯→0
∂
∂θ
s2b = 0⇔ Q
2





s2ab = 0⇔ Q
2


























The above geometrically intuitive mappings are possible only in the superfield approach to
BRST formalism proposed in [3,4,14-24]. This is not the case, however, with the mathe-
matical superfield approach to BRST formalism proposed by Thierry-Mieg and Baulieu on
one hand [7,35] and Hwang and Lee on the other hand [36,37].
It will be noted that the horizontality condition d˜B˜(2) = dB(2), in its various guises
(e.g. for the (anti-)chiral 2-form gauge superfields as well as for the general 2-form gauge
superfield), is a gauge (i.e. (anti-)BRST) invariant restriction on the 2-form gauge super-
field that is defined on an appropriately chosen supermanifold for the Abelian 2-form gauge
theory. This is due to the fact that the curvature tensor Hµνσ, that constitutes the 3-form
H(3) = dB(2), remains invariant under the (anti-)BRST symmetry transformations. (i.e.
s(a)bHµνσ = 0). As commented earlier after equation (2.6), the key reasons behind the
emergence of the nilpotent (anti-)BRST symmetry transformations due to horizontality
condition is encoded (i) physically in the observation that s(a)bHµνσ = 0, and (ii) mathe-
matically in the nilpotency d˜2 = 0 of the super exterior derivative (d˜ = dxµ∂µ+dθ∂θ+dθ¯∂θ¯)
as well as the nilpotency and anticommutativity of the translational generators ∂θ and ∂θ¯.
It is worthwhile to mention that the general form of the super 2-form connection B˜(2), that
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(dZM ∧ dZN)B˜MN ≡
1
2!
(dxµ ∧ dxν)B˜µν + (dx
µ ∧ dθ) B˜µθ
+(dxµ ∧ dθ¯); B˜µθ¯ +
1
2!
(dθ ∧ dθ) B˜θθ +
1
2!
(dθ¯ ∧ dθ¯) B˜θ¯θ¯ + (dθ ∧ dθ¯) B˜θθ¯,
(5.2)
where we have chosen B˜µν = B˜µν(x, θ, θ¯), B˜µθ =
˜¯Fµ(x, θ, θ¯), B˜µθ¯ = F˜µ(x, θ, θ¯), B˜θθ¯ =
Φ˜1(x, θ, θ¯), (1/2!) B˜θθ =
˜¯β(x, θ, θ¯) and (1/2!) Bθ¯θ¯ = β˜(x, θ, θ¯). The limiting cases (i.e.
θ → 0 and θ¯ → 0) of the above choice have been taken into account for the explicit
expression of the 2-form (anti-)chiral gauge superfields in (3.11) and (3.2) that have been
used for the computation of the on-shell nilpotent (anti-)BRST symmetries.
For the non-Abelian gauge theories, where the curvature tensor transforms under the
(anti-)BRST symmetry transformations, the horizontality condition is a covariant restric-
tion. In fact, it is the Maurer-Cartan equation that plays important role in the application
of the horizontality condition for such theories (see, e.g. [3,4]) because the former defines
the curvature tensor for the non-Abelian theories. Recently, in the context of the 1-form
non-Abelian gauge theory, a new (and physically more intuitive) gauge invariant restriction
on the appropriate superfields [21-24] has been found out which leads to the derivation of
the off-shall as well as on-shell nilpotent (anti-)BRST symmetry transformations for the
all (i.e. gauge, (anti-)ghost and matter) fields of the non-Abelian theory.
In the application of the geometrical superfield approach to 2-form Abelian gauge theory,
we come across a few key points that are not present in the context of the application of this
approach to 1-form (non-)Abelian gauge theory. These are enumerated as follows. First,
as emphasized after equation (4.14), we observe that sbsabCµ = 0 and sabsbC¯µ = 0 if we
directly substitute the off-shell nilpotent (anti-)BRST symmetry transformations from (2.2)
and (2.3). However, the story is totally different when we reverse the order of the application
of (anti-)BRST symmetry transformations (i.e. sabsbCµ = ∂µλ, sbsabC¯µ = −∂µρ). Such kind
of “anomalies” do not arise in the context of the 1-form (non-)Abelian gauge theories where,
for all the fields, the anticommutativity property (i.e. sbsab+sabsb = 0) is explicitly satisfied.
In fact, in our present investigation, we demand the sanctity of the above relationship. This
is precisely the reason that sbsabCµ = −∂µλ has been taken into account in the expansion of
F˜µ(x, θ, θ¯) in (4.17). Second, the geometrical interpretations for the (anti-)BRST symmetry
transformations for the fields Cµ and C¯µ, in the language of the translational generators,
differ by a sign factor which is not the case in the context of 1-form (non-)Abelian gauge
theory. Finally, there is an additional restriction (i.e. ∂µφ1 = 0) on the massless (i.e.







µ = 0. Such kind
restriction does not arise in the application of the superfield approach to BRST formalism
to the (non-)Abelian 1-form gauge theories. We note that (i) all the above peculiarities are
connected, in some way, with the local fields (Cµ, C¯µ) and their corresponding superfields
F˜µ(x, θ, θ¯) and
˜¯Fµ(x, θ, θ¯), and (ii) the analogue of these (super) fields do not exist in
the context of 1-form (non-)Abelian gauge theories. At present, it is not clear to us, for
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instance, why and how these unusual properties are associated with the Lorentz vector
(anti-)ghost fields (C¯µ)Cµ and their corresponding superfields.
It has been shown in our earlier works [32,33] that, in addition to the above nilpotent
(anti-)BRST symmetry transformations, there exist nilpotent (anti-)co-BRST symmetry
transformations for our present free Abelian 2-form gauge theory. Under the latter sym-
metry transformations, it is the gauge-fixing term that remains invariant. It would be a
very nice endeavour to apply the superfield approach to derive the above (anti-)co-BRST
symmetry transformations for the theory. In this connection, it is worthwhile to mention
that, for the above venture, it is the super co-exterior derivative that would play a very
important role on a suitable restriction on the supermanifold. This, in turn, would require
the definition of the Hodge duality ⋆ operation on the appropriate supermanifold. For-
tunately, we have been able to achieve this goal in our previous work [38]. To generalize
our present idea to the non-Abelian 2-form gauge theory is another promising direction for
further investigations. These are some of the issues that are presently being investigated
intensively and our results would be reported in our forthcoming future publications [39].
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